We propose a fluid-rigid body interaction benchmark problem, consisting of a solid spherical obstacle in a Newtonian fluid, whose centre of mass is fixed but is free to rotate. A number of different problems are defined for both two and three spatial dimensions. The geometry is chosen specifically, such that the fluid-solid partition does not change over time and classical fluid solvers are able to solve the fluid-structure interaction problem. We summarise the different approaches used to handle the fluidsolid coupling and numerical methods used to solve the arising problems. The results obtained by the described methods are presented and we give reference intervals for the relevant quantities of interest.
Introduction
The interaction between a fluid flow and rigid bodies appears in many physical applications. The flow around a free rigid body causes both displacement and rotation of that body, via the forces and torque exerted from the fluid onto the body. Conversely, the motion of the body causes changes in the flow. In this work we focus on pure rotational effects of a single rigid sphere in two and three spatial dimensions by fixing its centre of mass.
We consider the fluid-structure interaction between an incompressible Newtonian fluid and a rigid body, which is free to rotate around it's centre of mass. The geometric set-up is based on the well known computational fluid dynamics (CFD) benchmark Flow around a cylinder [33] , while adding the coupling between a freely rotating body and the fluid. The main advantage of this set-up is the constant fluid-solid partition over time, which allows the use of well established CFD methods to compute this fluid-structure interaction (FSI) problem, placing the focus on the coupling/decoupling approach used between the solid and the fluid.
Well posed benchmark problems are vital within computational mathematics. They are important for code validation and comparison of methods. For example the benchmark problem Flow around a cylinder from Schäfer and Turek [33] is one of the most widely used benchmarks within the computational fluid dynamics community. More recently Turek and Hron [41] proposed an FSI benchmark between an elastic obstacle and a laminar flow, while Hysing et al [18] proposed a benchmark for two dimensional bubbles rising in a fluid. In this work, we propose a benchmark problem in the setting of fluid-rigid body interactions.
The main contribution of this paper is to present a set of benchmark problems and relevant benchmark quantities for a fluid-rigid body interaction problem which can be used to quantitatively establish the quality of methods for fluid-particle interactions. This benchmark is more relevant in this situation than standard CFD benchmarks, since we incorporate the coupling between the solid and the fluid while keeping the set-up simple to implement.
Rotating spheres and cylinders in a channel flow have been studied widely in the literature, e.g. Badr et al [5] , Fabre et al [11] , Housiadas and Tanner [17] , Juarez et al [23] , Kong et al [24] , Mittal and Kumar [31] , Shaafin et al [38] , Stojkovic et al [39] and Xia et al [42] . The main focus has been the effect of different configurations and parameter choices on the resulting flow. Computations have usually been done using a single method, thus reliable reference results for a given set-up are not available. The flow past a cylinder in two dimensions, rotating at a given prescribed rate, has been studied (see for example [24, 31, 39] ) with the emphasis on the appearance of vortex shedding at different rotation rates, dependent on the Reynolds number. Furthermore, the effects of rotation speed and eccentricity (distance between the wall and cylinder) of the cylinder in two dimensions was studied [38] and the dynamics of a rotating cylinder moving at a constant speed [5] . The case of a two dimensional cylinder which is free to rotate was studied by Juarez et al [23] , looking at the effects of eccentricity and Reynolds number on the rate and direction of rotation of the cylinder, while Xia et al [42] also took the blockage ratio into account. Three dimensional situations have also been considered in the literature [11, 17] . In Fabre et al [11] a sphere rotating freely around a transverse axis in a Newtonian fluid was considered and numerical results were compared to the case of a fixed sphere, while Housiadas and Tanner [17] studied a freely rotating sphere in a viscoelastic fluid and presented analytical results for the angular velocity.
The layout of this paper is as follows: In Section 2 we begin by describing the governing equations of this benchmark. We then describe the two dimensional set-up in Section 2.2 and the three dimensional set-up in Section 2.3, as well as defining the reference quantities which should be computed in each test case. In Section 3, we describe the different numerical methods and coupling/decoupling methods used to compute the described problems. The computed quantities of interest for the different benchmark set-ups and different methods are presented in Section 4.
Configurations of the benchmark problem

Governing equations
Consider a finite time-interval I = [0, t end ] and a bounded domain Ω ∈ R d for d ∈ {2, 3}. We split the domain into a d-dimensional fluid region F , a d-dimensional solid region S and a (d − 1)-dimensional interface I, such that Ω = F ∪ S ∪ I. In F we prescribe the incompressible Navier-Stokes equations
where u : F → R d denotes the fluid velocity field (note that we will denote vector valued functions with bold symbols), p : F → R the pressure, ρ f the fluid's density, f : Ω → R d an external forcing vector acting on the fluid and σ(u, p) = ρ f ν ∇u + ∇u T − p Id denotes the Cauchy stress-tensor, with the kinematic viscosity ν > 0. The fluid boundary is split into an inflow boundary Γ in , an outflow boundary Γ out , rigid no-slip wall boundaries Γ wall and the fluid-solid interface I. On the inflow, wall and interface boundaries we impose Dirichlet boundary conditions while on the outflow condition we apply the do-nothing condition (see e.g. [16] )
where u in is a prescribed inflow-profile, v s is the solid's velocity at the fluid-solid interface and n is the outward pointing unit normal vector.
We assume that the rigid body S has uniform density and the motion of S is restricted to free rotation around its centre of mass. The motion can therefore be described by the object angular velocity ω (in a counter-clockwise sense), which is governed by Newton's second law of motion. In our case, this can be stated as an ordinary differential equation for the angular velocity, given by
where J is the body's moment of inertia and T is the total torque exerted onto the body by the fluid. Note that in two dimensions (3) is a scalar equation. The total torque T is then given by
with the body's centre of mass c S . Remark 1. Equations (3) and (4) are valid in three dimensions. In order to extend this formulation into two dimensions, we embed the the two dimensional domain trivially into three dimensions and take the scalar torque as the non-trivial component of the cross product in (3). A simpler formulation for this will be given below. Similarly, the angular velocity is then also taken as the one non-trivial component of the three dimensional angular velocity.
Two-dimensional benchmark set-up
The set-up is based on the 2d-benchmark problems defined by Schäfer and Turek [33] and is chosen such that the partition of Ω = F ∪ S ∪ I does not change over time in a geometric sense. This allows the use of standard CFD codes to compute these FSI problems. for some inflow speed U . The velocity at the interface is given by v s = ωR t, where t is the unit tangential vector (pointing in the anti-clockwise direction). The fluid viscosity is set to ν = 0.001, the fluid density ρ f = 1 and the solid density ρ s = 10. In the case of a circle, the moment of inertia is then given by
In the two dimensional case, (4) reduces to the scalar equation
and as a result, the pressure does not contribute to changes in angular velocity.
As benchmark quantities, we are interested in the forces acting on the solid S. The forces acting on the solid in the horizontal and vertical directions are
As reference values, we then take the dimensionless drag (horizontal force, x-direction) and lift (vertical force, y-direction) coefficients which are defined as with the mean inflow speed U m and characteristic length L, which we take to be the diameter of the circle, i.e., L = 0.1. To characterise the rotational force we take the dimensionless torque coefficient
Furthermore, we compute the dimensionless angular velocity
and the pressure difference between the front and the back of the solid
To characterise the fluid we take the Strouhal number, defined as St = Lf /Um, with the frequency of vortex shedding f , and the Reynolds number which we take as Re = UmL /ν.
Two-dimensional problem description
As in Schäfer and Turek [33] , we consider three different two-dimensional test cases.
Rot2d-1 (Stationary)
The inflow speed is set to U = 0.3. This results in a mean inflow speed of U m = 2·0.3 /3 = 0.2 which in turn gives the Reynolds number Re = 20. The quantities to be computed are the drag, lift and torque coefficients C D , C L and C T , the pressure difference ∆p and the dimensionless angular velocity ω * . The reference values are the stationary limit values of these quantities.
Rot2d-2 (Periodic)
The inflow speed is U = 1.5, which gives a mean inflow speed of U m = 1 and the Reynolds number Re = 100.
To be computed are the drag, lift and torque coefficients C D , C L and C T , the pressure difference ∆p and the angular velocity ω * over one period [t 0 , t 0
is the frequency of the drag coefficient. The reference values here are the maximum and minimum drag, lift and torque coefficients
and C T,min , the maximum and minimum dimensionless angular velocity ω * max and ω * min , the Strouhal number and the pressure difference ∆p(t * ) at t * = t 0 + 1 /2f, the midpoint of one period. The "initial" time t 0 corresponds to the time at which the maximum of the lift coefficient is realised.
Rot2d-3 (Unsteady & fixed time)
We consider the fixed time interval [0, 8] and the inflow speed U (t) = 1.5 sin(π t /8). At the maximum in time, the resulting mean velocity (in space) is U m = 1 and Reynolds number is again Re = 100. The initial state is u(0) = 0.
To be computed are the drag, lift and torque coefficients C D , C L and C T , the pressure difference ∆p and the angular velocity ω * . The reference values are the maximum drag, lift and torque coefficients C D,max , C L,max and C T,max and the respective times at which these are realised, the maximum dimensionless angular velocity ω * max and the time at which it is realised as well as the pressure difference at time t = 8.
3D Set-up
We T and R = 0.05, which is again free to rotate around it's centre of mass, c S . This geometry has again been chosen such that the fluid-solid partition does not change over time and standard CFD codes can be used to compute this FSI problem. The inflow data for this problem is given by
with a maximum inflow speed U (t). In the three dimensional case, the angular velocity ω has three components, each of which represents the angular velocity around the corresponding axis. The coupling of the fluid and solid is then given by u = v s = ω × (x − c S ) on I. The fluid viscosity is set to ν = 0.001, the fluid density is taken as ρ f = 1 and for the solid we choose ρ s = 10. In the case of a sphere, the moment of inertia is
with the mass of the sphere being m = ρ s 4 /3 πR 3 . The torque is computed as in (4). As reference quantities for this benchmark, we again take the forces acting on the obstacle. The forces acting in the coordinate axis are again defined by (5) . As reference values we take the dimensionless coefficients, defined as
, where we take the sphere diameter L = 0.1 as our reference length. The dimensionless angular velocity around each coordinate axis is given by
while the Strouhal and Reynolds numbers are defined as in the two-dimensional case.
Three-dimensional problem description
We only consider one stationary case, as we were unable to find a suitable stable configuration at higher Reynolds numbers.
Rot3d-1 (Stationary)
We choose U = 0.45 giving a mean speed of U m = 4·0.45 /9 = 0.2. As a result of this choice we get the Reynolds number Re = 20.
To be computed are the three force coefficients C Fi , the Euclidean norm of the torque coefficient vector C T 2 , the pressure difference ∆p and the three components of the dimensionless angular velocity ω * . The reference values are the stationary limits of these quantities. 
Numerical methods
We describe the different methods utilised here to compute the described problems.
Grad-div stabilised high-order Taylor-Hood (TH gd,ho )
We consider the conforming, inf-sup stable family of Taylor-Hood finite element pairs [40, 8] together with grad-div stabilisation [14] , i.e. we add the term
to the (Navier-)Stokes bilinear form. In the presented computations the grad-div parameter was chosen as γ gd = 0.1. For the convective term we use the standard convective form. The computations are performed using the high-order finite element library Netgen/NGSolve [35, 34] . Local element unknowns of higherorder elements are eliminated from the global system via a Schur-compliment and the local mesh size on the obstacle hmax /5 in both two and three dimensional computations. In the two dimensional case we chose k = 5 and in three dimensions k = 4.
Details for the stationary computations
We use a Newton approach to directly compute the steady state solution in order to solve the problems Rot2d-1 and Rot3d-1. The angular velocity is identified by using a Newton method so solve the problem
The Jacobian j (ω)(δω) is computed using a finite difference approximation
For our computations we take δ = 10 −4 . This approximation of the Jacobian is only updated if the torque has not sufficiently decreased with the update of the angular velocity. The arising non-symmetric linear systems are solved using the sparse direct solver Intel MKL PARDISO [19] . The functionals for drag lift and torque are evaluated using the Babuška-Miller trick, cf. Babuška and Miller [4] or Richter [32, Remark 8.17 ].
Details on the non-stationary computations
To decouple the Navier-Stokes equations (1) from the rotational ODE (3) in the system (2), we use a (semi-) implicit scheme to solve the PDE and use an explicit scheme to solve the ODE.
For the temporal discretisation of the grad-div stabilised Taylor-Hood method we use the second order SBDF2 Implicit-Explicit (IMEX) time-stepping scheme [3] . This scheme uses the BDF2 scheme for the discretisation of the time derivative and the linear Stokes part while a second order extrapolation is used to treat the convective term explicitly. As a result, we solve the same linear system in each time-step with changing right-hand sides. We denote this system as M * . In this system we use the standard weak form of the Stokes term
rather than the full symmetric stress tensor which would result in the viscous term ν(∇u h + ∇u T h , ∇v h ). As a result of this, the outflow condition in (2) is the natural do-nothing condition, meaning that we do not have to correct for terms on Γ out , which would otherwise appear from integration by parts of (1). This has the effect that the system M * we have to solve in each time step is symmetric, which we take advantage of. The resulting linear system is solved using NGSolve's sparse direct solver sparsecholesky. Nevertheless, the full symmetric Cauchy stress tensor is used to compute the forces acting on the obstacle. Rather than computing (4) and (5) directly, we us an equivalent volume integral formulation to compute the forces, since this is more stable and accurate than the boundary integral formulation [20] . We further note that the explicit treatment of the convective term results in a CFL condition, restricting the size of the time-step.
In conjunction with this IMEX scheme, we use the explicit part of the schemes to advance the angular velocity, i.e. we use the BDF2 formula to discretise the time derivative and use a second order extrapolation for the right-hand side.
High-order, exactly divergence-free hybrid discontinuous Galerkin method (HDG H div )
As another method, we consider a space discretisation using high-order, exactly divergence-free hybrid discontinuous Galerkin (HDG) method based on H(div)-conforming finite elements as presented in [27] . In this discretisation an only H(div)-conforming finite element space Σ h is used for the discretization of the velocity field, i.e. BDM elements on simplices and Raviart-Thomas elements on quads. The pressure space Q h is chosen as Q h = div Σ h which renders the weak divergence constraint a strong divergence constraint yielding solenoidal discrete solutions. Elements in Σ h are only normal-continuous and especially not H 1 -conforming. To incorporate tangential continuity techniques from Discontinuous Galerkin (DG) methods are required. To eliviate the costs of these methods, hybrid versions of DG methods are applied here. In hybrid DG methods additional polynomial unknowns on the facets -here polynomials in tangential direction only -are introduced. These unknowns are used to break up the direct direct communication between element neighbours and allowing for static condensation.
The resulting spatial discretisation has several benefits such as energy stability and pressure robustness [21, 37] while allowing for efficient and high order accurate implementations [27, 36] .
The discretisation of the viscous term is based on a hybrid version of the well-known symmetric interior penalty method (with stabilisation parameter α = 20, cf. [28] for an introduction to HDG methods) whereas a standard Upwind technique is applied for the discretisation of the convection.
For the two-dimensional problems we use a triangular mesh with mesh size h = 0.1 · 2 −L , for L ∈ {0, 1, .., 5} with two layers of anisotropic quadrilaterals in the region with distance min{0.02, h} around the circle. Around the obstacle elements are curved up to the order k that is also used for the velocity space. For the three-dimensional problems we take the coarsest mesh which was also used for the computations in Section 3.1.1. For convergence studies we consider mesh refinements and refinements of the polynomial degree resulting in different pairs of mesh levels and polynomial orders (L, k). All the examples in this study with the H(div)-conforming finite element method are computed with the high-order finite element library Netgen/NGSolve [35, 34] .
Details for the stationary computations
For the stationary benchmarks problems Rot2d-1 and Rot3d-1 we use a Newton's method with a sparse direct solver Intel MKL PARDISO [19] for the linear systems as in Section 3.1.1. The Jacobi matrix is reused several times until the residual reduction becomes insufficient. As starting values for the Newton iteration we use the solution of the Stokes problem.
Details for the unsteady computations
Again, we use the same approach as in Section 3.1.2, i.e. an operator splitted time integration with the same SBDF2 scheme. Let us note that due to the explicit treatment the Upwinding of the convection discretisation does not enter the linear systems that need to be solved. As a consequence the linear systems that need to be solved for are symmetric which allows to apply superconvergence strategies from HDG methods, cf. [27, Section 2.2]. Here, we compute the functionals (4) and (5) directly from boundary integrals. For the time step size we use the heuristic ∆t = 1250
. For accessing the minima and maxima of the time dependent quantities of interest, we use a cubic spline interpolation of the equidistantly sampled data obtain after every time step.
Newton-multigrid for equal order finite elements with local projection stabilisation (EO LPS )
Space discretisation is based on biquadratic (triquadratic in 3d) finite elements on quadrilateral and hexahedral meshes for velocity and pressure unknowns. To stabilise the inf-sup condition a local projection method based penalisation of the divergence condition with respect to the space of bilinear finite elements is employed, i.e. we add
to the weak discrete Navier-Stokes equation. By i
we denote the discrete interpolation from the space of biquadratic functions V 
−1 and depends on the local mesh size h K on element K ∈ Ω h and the local velocity. Details are given in [6] . For temporal discretisation of the Navier Stokes equations and the rigid body problem we use BDF methods of order 3. Surface integrals like drag or torque are evaluated in variational formulation based on the Babuška-Miller trick, see [4] or [32, Remark 8.17] . Given sufficient regularity of the solution we obtain fourth order convergence in these functional values [9] .
The arising algebraic systems are approximated by Newton's method, where the Jacobian is computed analytically. Linear systems of equations are solved by a GMRES method, preconditioned with a geometric multigrid solver. As smoother we either employ an incomplete lower upper decomposition or a block-Jacobi iteration to employ some parallelisation. Details are described in [12, 26] .
Details on the stationary benchmark problems
The approach as described in Section 3.1.1 is used to compute the stationary states in Rot2d-1 and Rot3d-1 directly. For the finite difference approximation of the Jacobian, δ = 10 −3 is taken. An alternative to determine the Jacobian is to solve tangent problems, however, we do not take this approach to avoid costly matrix assemblies that would be required. For a finite difference approximation the available Jacobian can be reused.
Details on the non-stationary benchmark problems
Implicit discretisation methods (BDF-3) are used for the Navier-Stokes equations and the rigid body problem. Coupling of the two problems is achieved by a simple outer iteration. A first prediction for the angular velocity is obtained by the explicit second order Heun's formula. In every time step t n → t n+1 we first predict the angular velocity ω n − −−−− → 
n+1 ) with BDF-3 2. Solve the rigid body problem ω
n+1 with BDF-3 and relax the update ω
−10 · k where k is the time step.
The relaxation parameter is mostly set to γ = 1. Usually only two or three iterations are required and in most cases, the Navier-Stokes equations have to be solved only once as the initial Newton residual is still below the tolerance after updating ω
n+1 . Since implicit time stepping formulas allow for large time step sizes, the periodic Rot2d-2 benchmark problem requires a good capturing of the period length 1 /f. After each approximate period t 0 → t n we therefore update the time-step to minimise
where
is a quadratic reconstruction of the discrete angular velocities. Expecting fourth order convergence in space, we combine each mesh refinement h → 2 −1 · h with a time step refinement of k → 2 − 4 /3 k to globally achieve fourth order.
Standard Taylor-Hood elements (TH)
We consider standard Taylor-Hood finite elements [40] consisting of continuous P 2 Lagrange elements for the velocity component and continuous P 1 Lagrange elements for the pressure field. As mentioned above this pair is inf-sup stable.
The implementation is done in FEniCS (2018.1.0) [29, 1] . The simulation are run on the prebuilt Anaconda Python packages from [13] . In 2D, the meshes where made using the built-in FEniCS mesh generation component mshr and the circular obstacle was resolved with a local mesh size hmax /8. In 3D the meshes where made using Netgen [35] with the local mesh size at the sphere also of hmax /8 and converted with a Python script dolfin-convert.
The forces are computed based on the equivalent volume integral formulation which is more accurate than the boundary formulation as well as more stable and robust with respect to the boundary approximation [20] .
Details on the stationary benchmark problem
Stationary computations follow the approach described in Section 3.1.1. However, the parallel sparse direct solver MUMPS [2] was used to solve the arising linear systems.
Details on the non-stationary benchmark problems
Temporal discretisation of the Navier-Stokes system (1) is realised using the second order Crank-Nicolson scheme. The resulting non-linear systems are then solved using Newtons method. For time discretisation of the ordinary differential equation for the angular velocity (3) we employ the appropriate explicit linear multistep scheme, the second order Adams-Bashforth method.
Taylor-Hood and Optimisation or Method of Lines (TH scipy )
The spatial discretisation was done with Taylor-Hood P 2 /P 1 elements in FEniCS [29] via its Python interface dolfin. With the help of the Python module dolfin_navier_scipy [15] , all discrete operators were interfaced to SciPy [22] for the solution of the steady-state problem, the optimisation, and the numerical time integration.
The Dirichlet boundary values were included by directly assigning the relevant values to the corresponding degrees of freedom; see [7, Rem. 3 .2] on how to adjust a time stepping scheme accordingly.
The boundary integrals in the functionals for drag lift and torque were approximated using the Babuška-Miller trick, cf. [4] or [32, Remark 8.17 ].
Details on the stationary benchmark problem
As mentioned in Section 3.1.1, the stationary limit can be computed via finding the ω for which the resulting torque force is zero:
T(u(ω))
We use the builtin function scipy.optimize.brent which employs the brent algorithm [10] to minimise the scalar univariate function ω → T(u(ω)) 2 .
Details on the non-stationary benchmark problem
For the time integration, we use the Crank-Nicolson scheme on the linear part of the momentum equation and second order Adams-Bashforth for the nonlinear part, while enforcing the incompressibility constraint explicitly in every time step. This implict-explicit scheme is of order two and was already used in [25] and analysed in [30] . Because of the explicit treatment of the convection and because of the equidistant time grid, in every time step, the same linear system is to be solved. For this, an LU factorisation of the corresponding coefficient matrix was precomputed. The ODE for the angular velocity (3) was discretised with the second order Adams-Bashforth method.
To reduce the time until the system has reached the limit cycle, we started from the corresponding steady-state solution with angular velocity ω such that T(u(ω)) ≈ 0 as computed with the optimisation method described above in Section 3.5.1. For higher Reynolds numbers the Newton iterations for the steady state converge only locally. We obtained convergence with the steady states solutions that correspond to ν = 800 or Re = 80 as initial guess.
Results
We present the numerical results for the benchmark problems obtained by the various methods described in Section 3. Next to the reference values, we also provide further information on the discretisation through the number of degrees of freedom and the number on non-zero entries of the resulting linear systems which needed to be solved. The non-zero entries indicate the sparsity of the resulting matrix and therefore the effort needed to solving the system. For TH gd,ho and HDG H div we also provide the number of degrees of freedom after removing internal degrees of freedom from the global system using a Schur complement, known as static condensation. As a result the non-zero entries are also only counted for the system after static condensation, i.e., the System which has to be solved in the method. Furthermore, we provide hardware information and computation times for the simulations. This is simply to indicate how challenging the proposed benchmark problems are.
Rot-2d1
The results obtained for the stationary Rot-2d1 benchmark, computed using the methods described in Section 3, can be seen in Table 1 . We summarise these results in Table 2 , where we give reference intervals for the quantities of interest based on the full results in Table 1 .
We see that the reverence intervals have sizes between the order of magnitude 10 −5 for C D and 10
for ω * . This in combination with the relatively short computation times shows that the problem Rot-2d1 can be seen as easily computable. Furthermore, we see that higher-order methods are particularly suited to this problem and that the direct quasi Newton approach as described in Section 3.1.1 is particularly efficient for this problem.
Rot-2d2
The results for the problem Rot-2d2 are summarised in Table 3 . Ranges for the reference values for the quantities of interest for this problem are given in Table 4 . A plot of the quantities of interest over two periods can be seen in Figure 3 .
We can see here that the non-stationary problem Rot-2d2 is more challenging, because the interval lengths for the reference values is between the order 10 −3 and the order 10 −5 . We also note that the angular velocity seem to be comparably easy quantities to compute as the reference intervals are smallest for this quantity.
Rot-2d3
The quantities of interest in the problem Rot-2d3 are presented in Table 5 and the resulting reference intervals are given in Table 6 . The quantities of interest are also plotted over the entire time interval in Figure 3 .
With respect to the spatial discretisation, high-order methods have performed very well here. With respect to the temporal integration, we note that this problem seems to be challenging. On the one hand, the forth order (by the choice of time-steps) time-discretisation in TR gave good results with relatively large time steps while the second order SBDF2 IMEX time stepping with TH gd,ho also gave good results on (relatively) coarser meshes in combination with very small time-steps. This problem therefore seems particularly suited to assess the performance of time-integration methods for Navier-Stokes.
With respect to accuracy of the individual values, we note the most difficult to compute value with respect to the absolute error is C L,max while we can give the smallest reference interval for ω * max . However, the times at which the extreme values are realised are all only accurate up to the order 10 −3 . Looking at the computational times we note that the problem is significantly more challenging than the stationary problem, however, it is also still a reasonable problem to compute.
Rot-3d1
The values computed for the problem Rot-3d1 can be seen in Table 7 . We summarise these results in reference intervals given in Table 8 .
From the reference intervals we see that ω * 1 is especially challenging to compute accurately since it is relatively small in comparison to the other values. The change of sign between different computations is therefore not surprising. The force coefficient C F2 seems to be the easiest to compute while the remaining values seem equally challenging.
Discretisation Results
TH Table 3 : Results for Rot-2D2. The number of degrees of freedom (dof) is given in K = 10 3 . Dofs in brackets are the number of unconstrained dofs after static condensation. The number of non-zero entries (nze) of the condensed (if applicable) system matrix are given in M = 10 6 . The computational run-time is given in seconds s. Time step size τ for TR is based on a subdivision of each period t P ≈ 0.33. Table 5 : Results for Rot-2D3. The number of degrees of freedom (dof) is given in K = 10 3 . Dofs in brackets are the number of unconstrained dofs after static condensation. The number of non-zero entries (nze) of the condensed (if applicable) system matrix are given in M = 10 6 . The computational run-time is given in seconds s. 7 Computed using Intel Xeon E5-2640 v4, 2.40GHz using 8 cores. 8 (L = 3, k = 5): Computed using 2x Intel Xeon E5-2650 v4, 2.20 GHz using 24 cores. 9 Computed using 2x Intel Xeon E5-2650 v4, 2.20GHz using 24 cores. 10 Computed using 2x Intel Xeon E5-2640 v4, 2.40GHz using 20 cores. 11 1 ≤ k ≤ 3: Computed using Intel Xeon E5-2650 v4, 2.20 GHz using 12 cores, k = 4: Computed using 2x Intel Xeon E5-2650 v4, 2.20 GHz using 24 cores, k = 5: Computed using 4x Intel Xeon E5-4620 v3, 2.00 GHz using 18 cores, k = 6: Computed using 4x Intel Xeon E5-4620 v3, 2.00 GHz using 24 cores. 
Code Availability
Full data sets for the results presented in Section 4 as well as code used to compute these benchmarks can be found at DOI: 10.5281/zenodo.3253455.
Here we provide both the scripts used to compute the respective benchmarks and instructions and links to the relevant external software used.
